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Accuracy of Block Models for Evaluation
of the Deposition of Energy by

Electromagnetic Fields

MARK J. HAGMANN, MEMBER, IEEE, AND RONALD L. LEVIN

Abstract —Nmnericaf solutions were made for block models using as

many as 3048 cubes to approximate a prolate spheroirhd model of man at

100 aud 225 MHz. A high-frequency modification of Hohmann’s fornnrla-

tion (HFH) gave vakres of mean absorption within five to seven percent of

those with the Iterative Extended Boundary Condition Method (IEBCM).

Arrangement of the cells for a best-fit approximation of the spheroid is

essentiaf for such high accuracy. Numericaf quadratores using the cubical

shape of the cells verified the high accuracy of the closed-form expressions

nsed for HFH matrix elements. Quadrature over spheres having the same

volume as the ceUs gave inaccurate vahres for the matrix elements. Vafues

of average absorption calculated with 2%, 560, 1376, and 1944 cell models

of the prolate spheroidal model of man differed from each other by no

more thao 17 percent at frequencies of 10 to 400 MHs, and by 5.0 percent

at the resonant frequency of 75 MHz.

I. INTRODUCTION

B LOCK MODEL SOLUTIONS obtained using the

Method of Moments [1] have had many applications,

including the evaluation of biological hazards from ex-

posure to electromagnetic fields [2], [3] and geophysical

prospecting [4]. Solutions for block models of mart have

correctly predicted such phenomena as selective heating of

the neck [3] and head resonance [5], as well as ground and

reflector effects [6]. Two different formulations have been

used with block models of man. One was developed by

Chen [2] and the other was developed by Hagmann [3],

who made high-frequency corrections of a routine written

earlier by Hohmann for use in geophysical prospecting [4].

The second procedure will be referred to as the High-

Frequency Hohmann (HFH) formulation.

Solutions also have been presented for less detailed

models of man such as the prolate spheroid [7]. It has been

claimed that the total absorption of electromagnetic energy

by man is approximately the same as that for a prolate

spheroid having equal height and volume, but this may not

be valid for plane waves having certain orientations [8].

Certainly, local values of deposition or phenomena such as

head resonance could not be accurately predicted using

such a model.

Some have suggested that block model solutions may

diverge as the number of cubical cells is increased [9]-[11],
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while others have suggested that such solutions may con-
verge to an erroneous answer [1], [12]. These criticisms of

the block model solutions have themselves been questioned

[13]. It is the objeetive of the present work to show that it is

possible to obtain reliable, high-accuracy solutions with

block models if proper care is used in their implementa-

tion. Hyperthermia offers considerable promise for the

adjuvant treatment of cancer, but it is essential that the

heat be delivered to the patient ‘with a high degree of

precision [14]. Our study has been made as one step in an

examination of block models to determine if they are

suitable for the evaluation of dosimetry in hyperthermia.

IL METHODS

Both the Chen and the HFH formulation use a “hat” or

pulse-function basis in which the unknown electric field in

each cubical cell is approximated by a constant [1]. Pulse

functions have an advantage over other bases in that they

permit use of the maximum number of cubes for a given

computational effort, thus allowing maximum detail in the

block model. The increased detail is highly desirable when

attempting to characterize the interaction of electromag-

netic energy with man. Pulse functions, however, are only

appropriate if the electric field is slowly varying between

adj scent cells [15]. Unusually large numbers of cells have

been used in parts of the present study in an attempt to

minimize the variations between adjacent cells in order to

increase the accuracy of the block model solutions. We

have modified a previously written program [3] so that it is

capable of using either the first approximate formulation

given by Chen [2], or the previously-derived HFH matrix

elements [3] in order to perform the current study.

The matrix elements used in a block model solution may

be grouped as “self” terms and “coupling” terms repre-

senting the interaction of each cell with itself and with the

other cells, respectively. Each of the matrix elements, must

be evaluated by approximating an integral over the volume

of a cubical cell. Each integral has two expressions which

represent the effects of current and charge, respectively

[16].

Calculation of the self terms is complicated by the fact

that the charge portion of the integral is singular [16], [17].

Chen obtained his expression for the self terms by perform-

ing an integration over a sphere having the same volume as
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a cubical cell with the use of principal value corrections

described by Van Bladel [2], [17]. In the HFH formulation,

we have followed Hohmann’s procedure of transforming

the singular charge integral to a nonsingular surface in-

tegral which is evaluated over the surface of a cubical cell

[4], [16]. The nonsingular current portion is much less

sensitive to cell shape than the charge portion [4]. For this

reason, in the HFH formulation, the current portion of the

self term is evaluated by integrating over a sphere having

the same volume as a cubical cell. We have found that the

Chen and HFH expressions for the self terms, though

derived by different procedures, give values that are in

close agreement. Self terms calculated using the two ex-

pressions typically differ by less than 0.1 percent in magni-

tude. Changes of similar magnitude are found in values of

energy deposition calculated when these two different ex-

pressions for self terms are interchanged. In contrast, there

are significant differences in values of the coupling terms

calculated using the two formulations.

In the HFH formulation, the charge portion of the

coupling terms is evaluated by taking a surface integral

over the cubical cells as was just described for the self

terms [4], [16]. As in the case of the self terms, the current

portion of the coupling terms is evaluated by integrating

over a sphere having the same volume as a cubical cell. The

coupling terms in Chen’s first approximate formulation

were obtained using the approximation that the integrand

is a constant [2]. We consider this to be a poor approxima-

tion for nearby cells because the three parts of the in-

tegrand are inversely proportional to the first, second, and

third powers of the distance between the source and field

points [2]. Since the largest off-diagonal terms in the matrix

correspond to the coupling of nearby cells, errors in such

terms cause significant errors in the solution. Errors due to

this approximation are present regardless of the cell size

and frequency. In fact, we have observed that the ap-

proximation tends to be most severe in quasi-static solu-

tions for which the most rapidly varying part of the in-

tegrand (inversely proportional to the cube of distance) is

dominant. We have found that the coupling terms given by

Chen are identical to those obtained when the integratiofis

are performed analytically over a sphere having the same

volume as a cubical cell if variation of the exponential term

in the dyadic Green’s function is neglected. This observa-

tion does not validate the expressions since the results

presented in the present paper indicate that the coupling

terms calculated for a cubical cell differ significantly from

those for a sphere of equal volume.

At the time that he first presented his expressions for the

matrix elements, Chen suggested that his approximate ex-

pressions for the coupling terms might yield adequate

results if the number of cells is sufficiently large, but that

numerical quadrature could be used in order to obtain

greater accuracy [2]. While it was not stated in any of his

later publications, Chen has used numerical quadrature

with eight or 27 points arranged within each cubical cell to

improve the accuracy of the coupling terms in most of his
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subsequent work [18]. We appreciate that one of the re-

viewers first brought this to our attention.

The Extended Boundary Condition Method (EBCM) has

found considerable usage in evaluating the absorption of

electromagnetic energy by prolate spheroidal models

of man and animals [7]. Recently, an iterative modification

of the EBCM, termed” IEBCM’, has allowed extension of

the calculations to frequencies greater than whole-body

resonance [20]. We have chosen to use IEBCM solutions

for a prolate spheroidal model of man as the standard for

testing block model calculations. Our reason is that the

IEBCM has been shown to have fast convergence and high

numerical stability [20], and we consider the prolate

spheroid to be more “man-like” than other objects for

which solutions with equal or greater validity are available

(e.g., the sphere and infinite cylinder). The prolate

spheroidal model of man is defined as having a major axis

of 1.75 m and a volume of 70 Itr.

Calculations have been made for block models of prolate

spheroids using 296, 560, 872, 1376, 1944, and 3048 cubical

cells of equal size. Other studies [21], [22] showed that

when progressively finer discretizations are made by merely

subdividing the cells of a block model, the magnitude of

the electric field tends to be large near the unintended

corners and edges of the model. For this reason, care was

taken to obtain a best-fit of the prolate spheroid in each

discretization. First a three-dimensional lattice was con-

structed with cubes of fixed size such that the lattice

contained one octant of the prolate spheroid. Only cubes
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having centroids contained within the boundary of the

prolate spheroid were retained. Finally the size and lo-

cations of all cubes were normalized so that the total

volume was equal to that of the prolate spheroid. The array

of cubes constituting one octant of a block model may be

described as a series of stacks aligned parallel to the major

axis of the prolate spheroid. Fig. 1 defines each of the six

block models by giving the number of cubical cells con-

tained within the stacks for each discretization. The

numerical solutions made use of three planes of symmetry

in the models to reduce the size of the resulting matrices.

III. RESULTS

Figs. 2 and 3 show the errors in values of mean Specific

Absorption Rate (SAR) calculated for block models ap-

proximating a prolate spheroidal model of man at 100 and

225 MHz, respectively. SAR is defined as the rate of

energy deposition per unit mass. In each case, the incident

field was a plane wave having the electric vector parallel to

the major axis of the spheroid. The power density of the

plane wave was 1 mW/cm2. Values of complex relative

permittivity used in the calculations were 45 – jl15 at 100

MHz and 38 – j70 at 225 MHz. IEBCM solutions obtained

for the prolate spheroid employing identical parameters

were used as the standard for comparison [23].

The values of mean SAR obtained using the HFH

formulation appear to approach the IEBCM solutions as

the number of cells is increased, the difference being only

five to seven percent with the finest discretizations. By

contrast, values of mean SAR obtained using the matrix

elements of Chen’s first approximate formulation (without

quadrature) have significantly greater error, and their

convergence appears uncertain at the higher frequency.

Earlier studies with a special class of model also suggested

that Chen’s approximation caused greater errors than the

HFH formulation [24].

A “bad” 2368 cell model was made for comparison by

keeping the outer boundary of the 296 cell model and

dividing each cube into eight new cells. When the HFH

formulation was used with the “bad” model, the mean

SAR at 100 MHz had an error of 10.1 percent. This error is

about twice what is shown in Fig. 2 for similar (large)

numbers of cells and exceeds even the error of the 296 cell

model, thus showing the importance of a best-fit arrange-

ment of cells in a block model.

While IEBCM local values of SAR were not available

for comparison, we note that the difference between values

of local SAR in adj scent cells was found to decrease

monotonically as the number of cells was increased in the

calculations made for both frequencies with the HFH

formulation. The difference in values of local SAR between

adjacent cells was approximately two percent when using

the maximum of 3048 cells. Such slow cell-to-cell variation

lends some credence to the use of a pulse-function basis.

Oscillations suggesting instability were present in the val-

ues of local SAR obtained when large numbers of cells

were used with Chen’s first approximate formulation.
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Block model calculations for the prolate spheroidal model

of man at 100 and 225 Ml#z were repeated using numerical

integration for evaluation of the matrix elements. Since no

quadrature rule was known to have a weight function

similar to the integrands, the. quadrature were performed

using simple summation of the values obtained by ap-

proximating each cell with different numbers of sub-cells.

We used 8, 27, 125, 343, 729, 1331, and 2197 sub-cellk for

quadrature within the cubical cells. Calculations also were

made using quadrature over spheres having the same

volume as each cubical cell. In these spherical-cell quadra-

ture we used 8, 160, 672, 1736, and 3544 sub-cells. Each

arrangement of sub-cells for a spherical-cell quadrature

was made using the same “best-fit” procedure that was

used to determine the array of cubical cells used to fit the

prolate spheroidal model of man. Since quadrature were

used in evaluating all of the matrix elements, considerable

computational effort was required. For this reason, these

tests were only made for the 296 cell block model.
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Figs. 4 and 5 show the values of mean SAR determined

using quadrature for the matrix elements at 100 and 225

MHz, respectively. Horizontal lines in the two figures

represent the values obtained using the HFH and Chen’s

first approximate formulation. The 1 sub-cell solutions in

both figures correspond to Chen’s approximate formula-

tion since integrations were neglected in evaluating the

coupling terms for that formulation. The 8 sub-cell solu-

tions are the same for the two types of quadrature since

they correspond to the same arrangement of sub-cells.

In Figs. 4 and 5, the values of SAR obtained using

quadrature that preserve the cubical shape of each cell

(square markers) agree well with those obtained with the

I-WH formulation. The differences between the values ob-

tained using quadrature over cubical cells with 2197 sub-

cells and those with the HFH formulation are 0.11 percent

at 100 MHz and 0.56 percent at 225 MHz. This is a

verification of the accuracy of the closed-form expressions

usedl for matrix elements in the HFH formulation. The two

figures show rapid convergence in the solutions for cubical

cells as the number of sub-cells is increased. The 8 and 27

sub-cell quadrature on cubical cells correspond to proce-

dures that Chen has used to correct his original approxi-

mate formulation [18]. The results in Figs. 4 and 5 suggest

that Chen’s use of 8 and 27 sub-cells is adequate, at least

for the models and parameters used in the present calcula-

tions.

Figs. 4 and 5 show the importance of preserving the

cubi{cal shape of each cell, rather than using the spherical-

cell approximation, for evaluating the matrix elements. The

values obtained using quadrature with the spherical-cell

approximation (circular markers) diverge from those for

the HFH (and IEBCM) formulation at both 100 and 225

MEIz. The patterns of the circular markers in Figs. 4 and 5

suggest that in the limit as large numbers of sub-cells are

used, the results for the spherical-cell approximation ap-

proach those for Chen’s first approximate formulation. The

validity of this apparent limit is further supported by our

observation that the coupling terms given by Chen [2] are

the same as the expressions obtained when the required

integrations are performed analytically over spheres having

the same volume as the cubical cells, if the variation of the

exponential term in the dyadic Green’s function is

neglected. We have found that most of the error caused by

the spherical-cell approximation is in the charge portion of

the coupling terms. Our interpretation is that the errors in

the spherical-cell approximation are caused by a distortion

of the effects of surface charge densities near the corners

and edges of the cubical cells.

We have also used the HFH formulation to evaluate the

mean SAR with four different block models approximating

the prolate spheroidal model of man at 28 frequencies from

10 to 2450 MHz. As in the previous examples, the incident

field was a plane wave having the electric vector parallel to

the major axis of the spheroid. The power density of the

plane wave was 1 mW/cm2. The complex permittivity was

chosen to be two-thirds that of muscle, based upon the

range of experimental data reported by others for measure-

ments of biological tissues [7]. Figs. 6 and 7 show the

values of dielectric constant and conductivity used for this

series of calculations. The comparisons presented earlier in

this paper for 100 and 225 MHz were made using dielectric

parameters specified by others in examples of the IEBCM

method [23]. For this reason, the values of dielectric con-

stant and conductivity at 100 and 225 MHz in Figs. 6 and

7 are not identical to those that we used in the earlier

calculations. Fig. 8 shows the values of mean absorption

computed using block models having 296, 560, 1376, and

1944 cells at 28 frequencies from 10 to 2450 MHz.

The values obtained using the four different discretiza-

tions (differ from each other by no more than 17 percent at

frequencies from 10 to 400 MHz. The minimum difference,

being 5.0 percent, occurs at the resonant frequency of

approximately 75 MHz. These results suggest that the use

of 296 cells is adequate for calculations of mean SAR at
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frequencies as high as 400 MHz with this model of man.

The point at which high-frequency failure occurs with

block models is determined by the value of lk,lA, where

Ikfl is the magnitude of the complex propagation vector

within the dielectric, and A is the length of a side of a

cubical cell [15]. With the 296 cell block model at 400

MHz, lkCIA = 3.572, A/A,= 0.5255, and A/ii =1.363,

where A, and 8 are the wavelength and depth of penetra-

tion within the dielectric. While we do not have IEBCM or

other standards for comparison, it should be noted that the

value of lkclA for the 296 cell block model at 400 MHz is

similar to that for the 560, 1376, and 1944 cell models at

500, 700, and 800 MHz, respectively. We anticipate that

the three models would be adequate for calculations of

mean SAR at frequencies up to these respective limits. As

high-frequency failure occurs successively with each block

model, the values of mean SAR are lower than those for

the solutions having greater accuracy (larger numbers of

cells). This tendency toward underestimation at high fre-
quencies has been observed in earlier studies [21], [22] and

is attributed to low-pass filtering due to failure of the

pulse-function basis to allow for components of the electric

field having high spatial frequencies.
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Fig. 8. Mean absorption for block models of a prolate spheroid. Solid =

296 cells, dot = 560, chain dot= 1376, dash= 1944.

The values in Fig. 8 are in good agreement with those

obtained earlier for a 180 cell block model of man having

considerably greater realism [3]. One significant difference,

however, is the absence of significant “bumps” present in

such curves for the block model of man. These “bumps”

occur at specific frequencies corresponding to part-body

resonances at which the deposition in regions such as the

head, arms, etc., is sufficiently large to alter the mean SAR

[21]. The approximate frequency and magnitude of the

head resonance have been confirmed in experiments with

figurines and animals [5].

IV. DISCUSSION AND CONCLUSIONS

The present study suggests that high accuracy may be

obtained with block models if sufficient care is taken in

their use. It is essential that accurate expressions be used

for the matrix elements. It is also important that the array

of cubical cells be a best-fit of the object to be modeled.

We attribute some of the difficulties that others have

reported, to the use of arrangements of cells that created

unintended corners and edges not present in the object

being modeled [9]-[11], [13].

In the present work, we have emphasized the use of

relatively large numbers of cells and multiple discrt%iza-

tions to determine the effects of differences in matrix

formulations on convergence with block models. The con-

vergence of values of local SAR has not been examined in

these computations. We have previously presented results

for multiple discretizations of a dielectric cube that suiggest
that the local values are reasonably accurate, even in a

body having a highly heterogeneous field, at low frequen-

cies [22].

The results presented in Figs. 4 and 5 suggest that

significant errors may be introduced when integrals recpired
for the evaluation of matrix elements are simplified by

changing the shape of the region of integration. This

observation has broad consequences regarding some of the

formulations that have been used to date in electromagnet-

ic. Barrington has noted that Richmond’s two-di men-
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sional solutions are accurate for TM polarization [25] but

not for TE polarization [26], and has ascribed the dif-

ference to an instability inherent in the use of a pulse-func-

tion basis [1]. In both of his solutions, Richmond sim-

plified the integrals required for matrix elements by replac-

ing square cells with circles having equal area [25], [26]. In

yet unpublished work, we have found that wrrection of the

matrix elements by numerical quadrature causes a signifi-

cant improvement in the accuracy of TE solutions for

homogeneous dielectric cylinders having small electrical

size. A I.O-mm radius infinite cylinder of muscle was

modeled with 120, 164, 216, 256, 316, and 392 square cells.

For the case of TE excitation by a plane wave at 10 MHz,

the six different discretizations gave values of mean SAR

having an average error of 100.3 percent using the

Richmond matrix elements [26], and 23.3 percent when

using four sub-cell quadrature to correct the matrix ele-

ments. We do not claim that the circular-cell approxima-

tion is the only problem in the Richmond TE formulation.

We have found that differences in the charge portion of the

coupling terms are responsible for most of the errors from

the circular-cell approximation, which observation agrees

with the results obtained for the spherical-cell approxima-

tion as described earlier in this paper. We attribute the

accuracy of Richmond’s TM solution to the absence of a

charge term in the Green’s function for that case.
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